The free vibration characteristics of a torus with a circular cross section are studied by using the three-dimensional, small-strain, elasticity theory. A set of three-dimensional orthogonal coordinates system, comprising the polar coordinate (r,) at each circular cross section and the circumferential coordinate around the ring, is developed. Each of the displacement components u r , , and w in the r, , and directions, respectively, is taken as a product of the Chebyshev polynomials in the r direction and the trigonometric functions in the and directions. Eigenfrequencies and vibration mode shapes have been obtained via a three-dimensional displacement-based extremum energy principle. Upper bound convergence of the first seven eigenfrequencies accurate to at least six significant figures is obtained by using only a few terms of the admissible functions. The eigenfrequency responses due to variation of the ratio of the radius of the ring centroidal axis to the cross-sectional radius are investigated in detail. Very accurate eigenfrequencies and deformed mode shapes of the three-dimensional vibration are presented. All major modes such as flexural thickness-shear modes, in-plane stretching modes, and torsional modes are included in the analysis. The results may serve as a benchmark reference for validating other computational techniques for the problem.
I. INTRODUCTION
A torus ͑circular ring beam with circular cross section͒ as basic structural element can find its applications in civil, mechanical, aircraft, and marine engineering like gyroscopes, springs, stiffeners and tires, etc. In some cases, the torus has to bear dynamic loads, and therefore to understand its dynamic behavior is very important for designers. Onedimensional mathematical models about rings have been available for more than a century. 1, 2 Considering the ring as a curved beam or rod, the vibration of a ring can be classified as in-plane, out-of-plane, and circumferential modes. Based on the classical theory ͑i.e., the hypothesis of a straight normal line͒, three uncoupled differential equations can be developed for these three modes and solved easily if the extension of the centerline of the ring is negligible. In order to improve the classical solutions, some investigators [3] [4] [5] [6] have studied the effect of extension, transverse shear, and rotary inertia.
The existing research work shows that for rings with a circular cross section, the error of the one-dimensional models increases with the decrease of the ratio of ring centroidalaxis radius to cross-sectional radius. Similar conclusions can also be drawn for rings with a cross section of any shape. In addition to the one-dimensional models, sometimes investigators also applied two-dimensional plate 7, 8 and shell 9, 10 models to analyze the mechanical behavior of a torus. According to a recent literature survey, 11 most of the published papers are about rings with a rectangular cross section. For rings with a circular cross section, only the one-dimensional models have been developed. It is well known that these mathematical models have serious limitations in their scope of applications, which are only suitable for slender or thin structural elements. As a result, the three-dimensional analysis of structural elements has long been a goal of those who work in the field. In the recent two decades, with the development of digital computers and computational techniques, it has now become possible to obtain accurate eigenfrequencies and vibration mode shapes for some structural elements. Exact, closed-form three-dimensional elasticity solutions can be obtained only for a few cases, such as the axisymmetric vibration of annular plates, 12 and the vibration of rectangular plates with four simply supported edges. 13 Using a series expansion method, accurate solutions for the free vibration of circular plates and cylinders have been derived by Hutchinson. 14 -18 In recent years, the Ritz method has been extensively applied to the three-dimensional vibration analysis of some typical structural elements, such as beams with a circular cross section, 19 26 shell panels, 27,28 triangular plates, 29, 30 and rings with isosceles trapezoidal and triangular cross sections, 31 etc. In these references, high accuracy, a small computational cost, and easy coding preparation have been shown if suitable admissible functions are selected.
In the present work, the Ritz method is applied to the free vibration analysis of a torus with a circular cross section a͒ Author to whom correspondence should be addressed. Electronic mail: hreccyk@hkucc.hku.hk based on the three-dimensional elasticity theory. Although the method itself does not guarantee us to provide exact solutions, high accuracy and quick convergence may be achieved if one selects the displacement functions properly. In this paper, a combination of the polar coordinate (r,) at each circular cross section and the circumferential coordinate around the ring, is developed to describe the strain and stress distributions in the torus. The corresponding displacement components are taken to be u r , , and w in the r, , and directions, respectively. Each displacement component is expressed as a product of three separable coordinate functions: a series of Chebyshev polynomials in the r coordinate and a series of trigonometric functions in the and coordinates. It is obvious that each displacement function is composed of orthogonal and complete series in the region because each component function is orthogonal and complete. Therefore, the eigenfrequencies presented in this work are very accurate and often accurate to at least six significant figures. They can therefore serve as a benchmark solution for the one-dimensional ring theory and future computational techniques for the problem.
II. THEORETICAL FORMULATION
Consider a torus with a circular cross section, as shown in Fig. 1 . The cross-sectional radius of the ring is a and the centroidal-axis radius of the ring is R (RϾa). A combination of the polar coordinate (r,) at each cross section and the circumferential coordinate around the ring is chosen to describe the strain and stress in the torus. The polar coordinate with an origin at the centroidal axis of the ring is used to describe the stress and strain at the cross section. The circumferential coordinate with an origin at the center of the torus is used to describe those quantities along the direction normal to the cross section. It is obvious that the three coordinates (r,,) in this set of curved coordinate system are orthogonal to each other. The transformation relations between the Cartesian coordinates and the present curved coordinates are given as follows: From Eq. ͑1͒, the determinant of the Jacobian matrix of the coordinate system is given by ͉J͉ϭr͑Rϩr cos ͒. ͑3͒
Therefore, the strain energy V and the kinetic energy T of the torus undergoing free vibration are
where is the constant mass per unit volume; u , , and ẇ are the velocity components. U͑r,, ͒ϭŪ ͑ r, ͒cos͑ n ͒;
where n is the circumferential wave number that should be an integer, i.e., nϭ0,1,2,3,...,ϱ to ensure periodicity. It is obvious that nϭ0 denotes the axisymmetric modes. Rotating the axes of symmetry, another set of free vibration modes can be obtained, which corresponds to an interchange of cos(n) and sin(n) in Eq. ͑7͒. However, in such a case, n ϭ0 means U(r,,)ϭ0, V(r,,)ϭ0 and W(r,,) ϭW (r,), which corresponds to the torsional modes. Defining the following dimensionless coordinates:
and then substituting Eqs. ͑6͒ and ͑7͒ into Eq. ͑4͒, gives
where
The Lagrangian energy functional ⌸ is given as ͟ ϭT max ϪV max .
͑12͒
The displacement functions Ū (r,), V (r,), and W (r,) are approximately expressed in terms of a finite series as
where A i j , B lm , and C pq are undetermined coefficients and I, J, L, M, P, and Q are the truncated orders of their corresponding series. It is obvious that if F i (r) (iϭ1,2,3,...,ϱ), G j () (jϭ1,2,3,...,ϱ) and Ḡ m () (mϭ1,2,3,...,ϱ) are all sets of mathematically complete series, then these three sets are capable of describing any three-dimensional motion of the torus. Therefore, as sufficient terms are taken, the results will approach the exact solutions as closely as desired.
Substituting Eqs. ͑10͒ and ͑13͒ into Eq. ͑9͒ and minimizing the Lagrangian functional ⌸ with respect to the undetermined coefficients A i j , B lm , and C pq , i.e.,
a set of eigenvalue equations is derived, which can be written in matrix form as 
.,Q).
A nontrivial solution is obtained by setting the determinant of the coefficient matrix of Eq. ͑15͒ to zero. The roots of the determinant are the square of the dimensionless eigenfrequencies ͑eigenvalues͒. The mode shapes ͑eigenfunctions͒ are determined by backsubstitution of the eigenvalues, one by one, in the usual manner.
It is noted that in using the Ritz method, the stress boundary conditions of the structure need not be satisfied in advance, but the geometric boundary conditions should be satisfied exactly. For a torus, there is actually no restraint on the surface displacements. In the present work, the Chebyshev polynomial series defined in the interval ͓0, 1͔ and the trigonometric series defined in the interval ͓0, 2͔ are used as the admissible functions of displacements in the r and directions, respectively. It is obvious that a torus with a circular cross section is symmetric about the centroidal-axis plane ͑i.e., the plane containing the centroidal axis of the ring͒. Therefore, the vibration modes of the torus can be TABLE I. Convergence of eigenfrequencies of a torus with a circular cross section when R ϭ1.5 and nϭ1.
Symmetric modes about the centroidal-axis plane 4ϫ4 Each of these two categories can be separately determined and thus it results in a smaller set of eigenvalue equations while maintaining the same level of accuracy.
III. CONVERGENCE STUDY
It is well known that eigenvalues provided by the Ritz method converge as upper bounds to the exact values. The solution of any accuracy can be obtained theoretically by using sufficient terms of admissible functions. However, there is a limit to the number of terms actually used in computation. Therefore, it is important to understand the convergence rate and the accuracy of the method. In the following convergence study, a thick torus with radius ratio R ϭR/a ϭ1.5 was used and in all the calculations, the Poisson's ratio ϭ0.3 was fixed. In most cases, optimal convergence could be obtained by using different number of terms in the component series of displacement functions. However, for simplicity, an equal number of terms in the Chebyshev polynomial series and the trigonometric series were used for every displacement function, i.e., IϭJϭLϭM ϭ PϭQ, in the present analysis. Tables I and II show the convergence of the first seven eigenfrequency parameters ⍀ϭaͱ/G for the circumferential wave number nϭ1 and nϭ5, respectively. Both the symmetric and antisymmetric modes were studied. Extensive convergence studies were also carried out for the axisymmetric vibration and the torsional vibration of the ring with the results shown in Table III and Table IV , respectively.
All the above computations were performed in double precision ͑16 significant figures͒ and piecewise Gaussian quadrature was used numerically to obtain the matrices in TABLE III. The convergence of eigenfrequencies of axisymmetric vibration for a torus with circular cross section when R ϭ1.5.
Symmetric modes about the centroidal-axis plane 5ϫ5 Tables I and II , one can find that the convergence rate is almost the same for nϭ1 and nϭ5. The first seven eigenfrequencies accurate to six significant figures have been obtained by using only nine terms of the admissible functions in each coordinate.
IV. EIGENFREQUENCIES AND MODE SHAPES
The results for a torus with circular cross section are presented in Figs. 2-6 , where the parameter R/a is plotted along a logarithmic axis. The ratio of the centroidal-axis radius to the cross-sectional radius varies from 1.1 to 100. Figure 2 shows the first six eigenfrequency parameters ⍀ ϭaͱ/G for torsional vibration, comprising three symmetric modes and three antisymmetric modes. The third to eighth eigenfrequency parameters ⍀ of axisymmetric vibration are given in Fig. 3 , and they include the second to fourth symmetric modes and the second to fourth antisymmetric modes. Figure 4 gives the third to eighth eigenfrequency parameters ⍀ for the circumferential wave number nϭ1 that consist of the second to fourth symmetric modes and the second to fourth antisymmetric modes. From Figs. 2-4 , it is seen that with the increase of the radius ratio R/a, the eigenfrequency parameters ⍀ of symmetric modes eventually coincide with those of antisymmetric modes. For a given crosssectional radius a, the eigenfrequencies monotonically decrease with the increase of centroidal-axis radius R of the torus and approach certain constant values. In general, for R/aϾ10, we may consider the eigenfrequency parameters ⍀ to be constant.
The first and second eigenfrequencies of axisymmetric vibration, which correspond to the fundamental antisymmetric mode and symmetric mode, respectively, are described by a new eigenfrequency parameter ⌫ϭ(R/a)⍀ϭRͱ/G. It is clear that both the torsional vibration and the axisymmetric vibration are independent of the coordinate . Torsional vibration is related to the coordinates and r while axisymmetric vibration is only related to the coordinate . In Fig. 5 , six eigenfrequency parameters are shown for the fundamental symmetric and antisymmetric modes for circumferential wave number nϭ1, the second symmetric and antisymmetric modes for circumferential wave number nϭ2, as well as the fundamental symmetric and antisymmetric modes of axisym- metric vibration. From the figure, one can find that the fundamental eigenfrequency parameter of symmetric modes for circumferential wave number nϭ1 and the second eigenfrequency parameter of symmetric modes for circumferential wave number nϭ2 monotonically increase with the increase of the radius ratio R/a. Among the rest, the eigenfrequency parameter of the first antisymmetric modes for axisymmetric vibration monotonically decreases with the increase of the radius ratio R/a. However, the others are not monotonic. In general, for R/aϾ10, we may also consider the eigenfrequency parameters ⌫ to be constant. In Fig. 6 , the dimensionless parameter ⌳ϭ(R/a) 2 ⍀ is used to describe the fundamental eigenfrequencies of a torus for circumferential wave number nу2. In the figure, the fundamental eigenfrequency parameters of symmetric and antisymmetric modes for n ϭ2, 3, 4 are plotted against the radius ratio R/a. It is seen that all the eigenfrequency parameters monotonically increase, and approach certain constant values with the increase of the radius ratio R/a. Moreover, with the increase of the radius ratio R/a, the eigenfrequencies of symmetric modes become close to those of antisymmetric modes.
In the above analysis, three different dimensionless eigenfrequency parameters ⍀, ⌫, and ⌳ are introduced, which facilitate not only the trends of the variation of eigenfrequencies but also a comparison with other solutions. In the approximate one-dimensional theory, the in-plane vibration and out-of-plane vibration of a ring are separately investigated. In Fig. 6 , the symmetric modes correspond to the in-plane vibration solutions of the one-dimensional theory while the antisymmetric modes correspond to the out-ofplane vibration solutions. For example, according to the classical one-dimensional ring theory, 1,2 the eigenfrequencies for in-plane vibration of a circular ring are given by A comparison of the present results with those obtained from the classical theory is given in Table V for a thin circular ring with the radius ratio R/aϭ50. It is shown that for thin circular rings, the classical theory can predict the lower-order eigenfrequencies with good accuracy. However, like all kinds of approximate theories, it cannot provide a full vibration spectrum of the circular ring and the error increases with the decrease of the radius ratio R/a. Moreover, the classical theory does not include shear deformation or rotary inertia effects. Taking a torus with the radius ratio R/aϭ1.5 as an example, the fundamental eigenfrequency parameter of inplane vibration obtained by using the classical onedimensional ring theory is ⌳ 1 ϭ2.163 33. However, the corresponding eigenfrequency parameter obtained by using the present three-dimensional elasticity theory is ⌳ 1 ϭ1.591 17.
The error of the classical one-dimensional ring theory is up to about 36%! Considering the relations ⌳ϭ(R/a) 2 ⍀ and ⌫ϭ(R/a)⍀, and noting that R/aϾ1, one can find out from Figs. 2-6 by comparing ⍀ that for a torus, whether thin or thick, the lowest eigenfrequencies of both symmetric modes and antisymmetric modes are always those for nϭ2. Although the lower eigenfrequencies of a torus with large radius ratio R/a are confined to some particular modes, as seen from Fig. 6 , for a torus with small radius ratio R/a, the lower eigenfrequencies for a larger variety of modes tend to cluster together, as is evident from Figs. 2-6. Corresponding to each eigenfrequency, the threedimensional deformed mode shapes of the torus can be easily obtained from Eqs. ͑13͒ and ͑15͒. As an example, the first three antisymmetric mode shapes and symmetric mode shapes of torsional vibration for a torus with radius ratio R/aϭ1.5 are given in Figs. 7 and 8 in contour form, respectively. It is known that for torsional vibration, the modes of the torus are the same at each cross section and only the deflection W(r,) in the circumferential direction exists. Therefore, only the mode shapes in a cross section need to be given. FIG. 6 . The fundamental eigenfrequency parameters ⌳ of a torus for circumferential wave number nу2: छ, first symmetric mode for nϭ2; ᮀ, first antisymmetric mode for nϭ2; ᭝, first symmetric mode for nϭ3; ϫ, first antisymmetric mode for nϭ3; ϩ, first symmetric mode for nϭ4; ᭺, first antisymmetric mode for nϭ4. 
V. CONCLUSIONS
This paper describes the detailed development of a three-dimensional analysis method for the free vibration of a torus with a circular cross section. The spatial integrals for strain and kinetic energy components have been formulated by developing a set of orthogonal coordinate systems. An energy functional has been defined and its extremum determined to arrive at the governing eigenfrequency equation. A combination of Chebyshev polynomials and trigonometric series are used as the admissible functions of the displacement components. The vibration of a torus is classified into three distinct categories, namely, axisymmetric vibration, torsional vibration, and vibration related to the circumferential wave number n. By using the symmetry of the structure, the vibration modes of every category are divided into symmetric and antisymmetric ones. This greatly reduces the computational cost while maintaining the same level of accuracy.
The convergence of eigenfrequencies has been examined. It is shown that the first seven eigenfrequencies accurate to at least six significant figures for each vibration type can be obtained by using only nine terms of the admissible functions. Through the parametric studies, the variation of eigenfrequencies versus the radius ratio of the torus is found. Important lower eigenfrequencies corresponding to general cross-sectional motions, which can only be determined by the three-dimensional elasticity theory, have been obtained. The present method is capable of determining eigenfrequencies and mode shapes very accurately. The results may serve as valuable benchmark solutions for validating the onedimensional ring theories and new computational techniques for the problem.
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